Let X be a complex Banach space and £.{X) the set of bounded linear operators on X. For T 6 Z(X), a derivation At is defined by At A = TA -AT for A € £(X). By induction, A™ = AT o A™-1 is defined for each integer m > 2. We call the kernel of A™ the m-commutant of T. For a polynomially compact operator T, we consider the (hyper)invariant subspace problem for operators in the m-commutant of T for m > 1. It is easily seen that the m-commutant (m > 1) of T could be much larger than KerfAx). So our idea is a variation of Lomonosov's theorem in [6] . We start with several identities on derivations, and then prove our results on the existence of (hyper)invariant subspaces. Theorem 2 in [5] is generalized.
In this paper, we always assume that dim AT = oo. For a bounded operator T on X and a complex number a, we denote by Xr(a) the norm closure of the linear manifold V^=i ker(T -a)n. If A is a nonscalar bounded operator on X, we say that Lat A is nontrivial if A has a nontrivial (closed) invariant subspace. Similarly we say that ii-Lat A is nontrivial if A has a nontrivial (closed) hyperinvariant subspace. For the sake of brevity, we state our main results in one theorem as follows.
THEOREM. IfTe Z(X) is a polynomially compact operator with minimal polynomial p(z) = n¿=i(2 -ai)ni (ni > 1 for each i, k > 1; cti i1 otj ifl<i<j< k),
and if A is a nonscalar bounded operator on X which is in the (m -Y l)-commutant ofT for some m > 0, then we have the following conclusions: (a) ifT is algebraic ando(T) has at least two elements, then Lat A is nontrivial;
(b) if a(p(T)) t¿ {0}, then H-Lat A is nontrivial; (c) if o~(p(T)) -{0}, k > 1, and 0 < rank A™ A < oo, then Lat A is nontrivial;
For the special cases m < 1, we have (d) ifT is not algebraic and rank At A < oo, then //-Lat A is nontrivial;
(e) if rank ATA = n0 < oo and q(T) = [Ui=x(T ~ al)]m° / 0, where m0 = max{no, nx,..., nk}, then H-Lat A is nontrivial.
Because the proof of the theorem is long, we divide it into several steps. We begin with some algebraic identities.
Identity I. (2) If TX,T2,... ,T" are commutative elements, then by induction,
by facts (1) and (2). We may assume k¡ > 1, 1 < i < n, since Aß = 0 for any scalar ß.
where r¡ = 5^t=ii<(0i rí = YH'=iJt(l)-(Here we repeatedly used Identity III.)
Note that E(r< + T'l) * «l(*l -1) + * * • + ln(kn -1),
Therefore, we have Note that m0 > n, for each 1 < i < k, and so q(T) is compact. Now we can use Theorem 2 in [4] ; H-Lat A is nontrivial. If 1 < p < k, first note that the eigenvectors for distinct eigenvalues of Timare linearly independent, dim IK = no implies that (T\w -«¿, )no_1 = 0 for each 1 < / < p. Hence (T\w -a,,)"10-1 = 0, 1 < / < p. This implies that (T -ail)m°-1(ATA) = 0 for each 1 < / < p.
Mr) A = fc 53m0(T-at)mo" ¿=i REMARKS AND QUESTIONS. 1. In conclusion (a), k > 1 is essential. In [5] , it was pointed out that there always is a nilpotent element T of order 2 such that A is in the 2-commutant of T.
2. Concerning (c), we have the following question: Can we remove the hypothesis rank AmA < oo? If ker(p(T)) ^ {0}, then T has an eigenvalue. As in the proof of (a), we can prove that Lat A is nontrivial without the assumption rank AC? A < oo. What about the case that T is not algebraic and ker(p(T)) = {0}? For this case, can we expect that H-Lat A is nontrivial? Also if we keep the condition rank A™ A < oo, can we remove the condition k > 1? For the case m < 1, (d) says "yes."
3. If 3m > 0 and a nonzero compact operator T such that A™ A is a rank one operator, what can we say about the (hyper) invariant subspace of A? For m = 0, see [4] . 4 . Combining (b) and (e) above we obtain an improvement of Theorem 2 in [5] .
